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INTRODUCTION

The term "Servomechaniss"¥, as used herein, is defined as
a control syetem whioh tends to msintain e presoribed

relationship of one system wariable to another by comparing

fmaﬁmw of thui wriahha and using the difference as a

means of control.*(p. 909)
The symbolism to be used herein is essentially that introdueed by Brown
and Ganpmllg. The symbols are briefly defined when first used and a
full listing ie inoluded in Appendix I. |

The ideal servomechaniam is, of course, one in whioh the input and
output ere always in the proper relationship to one mnother but this
idesl has not been and cannot be obtained, Rather the designer must
attempt to produce at reasonable cost & device having acceptable devi~
ations between input and output. Such deviastions actually oceur as
funotions of time when the input is subjected to random variations.
However, the design specifiecation 1& likely to prescribe the allowablse
output behavior corresponding to spescinl inputs such as the unit
impulse or wnit step. |

Although the design eriterion is thus in the time domain, the

effect of paremeter wvaristions in all but the simplest cases is obsoure

%The A.I.E.E, Feedback Control Systems Committee has proposed that
the term "servomechanism™ be restriosted to such of the above systems as
have mechanieal position as the sontrolled variable.
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when classioal mathematical methods are used to solve the differentiel
equations defining sysbtem behavior. The usuel teochnigue is then that
of operational or transform mathematios. The facte that these methods,
wnder very gemeral essumptions, lead to expressions entirely similar to
those of alternating~current steady-state frequenoy snalysis and that

s very large background of freguency design information existe have

1ed to the use of the frequency domain in eervomechanism design. Such
design methods lead direetly to adequete stability oriteria through the
work of Nyquist® and Bode®, They do not, however, lead easily to a
knowledge of the trensient response of the completed system despite the
sexistence of mathsmstical methods which Yransform from the frequenay to
the time dommin.

These mathematical methods, which are mppliveble to linear
systens, involve »Wwamgﬁam ever the complete frequency epectrum and
do not, exoept in very specific and slementary cases, lead to closed
expregsions for the time response, 8ince even completely rendom inputs
mey be considered as oomposed of successions of impulses or steps and
since the impulss response cam be essily waﬁwﬁm from the step response
and vice versa, all methode ow surmounting this obstacle in the litera-
ture are concerned with either impulse or step response, Also, because
initial energy storage can generally be trested as an additionsl input,
all methods in the literature assume zero initial energy storege.

The methods of approximating step response due to Bedford and
?eagmawymw Chestnut and ﬁsﬁa«a‘ and Harris, Xirby, snd von ﬁaﬂ and
those of approximating impulee responae due to awacunﬁm and wwcw%



will be disoussed individually.

Bedford snd Fredendall assume that the sinusoidal frequeney re-
sponse, H(w), is known in both magnitude and angle at all frequenoies.
They assume that the step response will be egulvalent to that due to e
square wave input whose half period is longer than the settling time
of the step response, The aquare wave input is then analyzed into its
Fourier series components , the response to each is determined using
the known H{w) and the results combined to give the step response.
While this method leads to any desired degree of soourasy, the proper
square wave period is difficult to select since too short a period
vm not exceed twiee the uo%},m time and too long a period will
introduce & large number of low freguenoy Fourier terms resulting in
extra computation. Hence at least two trials would appear necessary
before the computation eould be completed,

e4(%) ..._ 2 W sin(2n~1) *"*‘

n=}

where T is the period of the input signal, 64(%t).
K(ﬁ) - u(&)‘j'{“)

op(t) =4 é mg”"“%g sfm-{[{ﬁmrl)mh ¢ [ene1)8E ]}’

n»l

whers 8,(%) is the output response.
These authors have aleo applied a very similar procedure to the
determination of the impulse response using & repetitive input sigmal
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sonsisting of & short pulee followed by a dead ‘;mriaé excesding the
aﬁtiznng time of the rosguuw"m .

The Chestmut and Mayer method does not give the siep reaponse as
a function of time but correlates certain festures of the freguency
and time responses. Systems are considered whose open-loop reaponse,
KG{w), has the form shown in Figure 1(a); the slope below wy is 6 db
- per octave and the gain at oy is ;3 the slope between wy and w, is
again 6‘% per cctave with O db ocourring at oy« The n}.epéa between
wy and wy and above @y together with u; are considered as paremeters
characterising the system. A series of charts is presented with py
and these two slopes as p&mﬁan which relate the salient points of
%ﬁu olosed-loop frequency response, namely, the pesk value of M(w)® and
the frequency st whieh i% ocours (ses Figure 1(b)), with the salient
points of the closed-loop time response to an input step, namely, the
pesk value of the output, the time at whiech it occurs, the settling
time, and the periocd of the lowest osoillation frequency (ses Figure
(o))

Although the charts are derived for a 6 db slope below wy, other
values of this slope have been found to give essentially the same re~
sponse; henoce ’th& charts may be used for other slopes. 8ince the
charts may be entered from eithsr the time or frequency data, they
should be particulerly useful in determining the type of fregquenoy

response needed to give a specified step response.

#i(w) is the absolute value of H{w).
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Harris, KEirby, end von Arx consider systems for whish K6(w) = %(»-)*
oonsists of four straight line seoctions on s decibel~freguency plet,
ag {where db = 0) ocourring between oy and @y &s in Figure 1(a). % ie
then approximated as equal to KG(w) below m, and as unity above wy.

(stag)
s{oviy ) (s4ay )
(mreag ) (mray )

s(stw)

56(e) = () = ogay

Approximte %{w} -

The expression for % is solved by the usual laplese trensform methods
to give £(t) for any specified 64(t). However, the approximate %{a}
is not walid near @y and a constant correction factor, R, is required
in the range %; <%= -é; 3 R is evaluated as the ratic of the approximate
%—(m) %o the exact %(ma) - 14 %;_3(%). The responss is then R x £ (%)
i’ar%; == %; and £ (t) elsewhere, The referemce contains results of
this msthod ,;t’aé a variety of KG(w) slope charscteristies. ‘?ho examples
thm, however, do not indicate very elose sgreement betwsen predioted
and exast results. '

In Wheeler's method of paired echoes, the ’.'mpuln response, h{t),

of an idealized system

Ma) » K o < oy
Mw) = 0 &>%
and . glw) = sn

is first determined in the usual 8i(%) = ’m:"“ form and this reaponse

® £ 18 the error, defined as the input minus the output.
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where. R{=n) = R(w) and | I{~n) = =I(w).

and o9 « 508 at + j sin wk (3)

where cos{~wt) = cos wk and sin(~wt) » -gin wb
_ s
h(t) = ‘é’; [R(w) cos at ~ I(e) sin at] »
- 00 ’ s

3 [R(m} sin ot + I(w) cos wh| dw . {4)

Since R(w) sin wt and I(w) cos wt are both odd funotions of @, the

integral of their sum over the range = o) to # 0 is gero. Therefore
+ ©

h{’e)" %; / o [RE&) cos wt « I(a) sin mt] éa (s)

Sinoe R(w) vos wt and I(@) sin et are both even funotions of @, the
integral of their difference over the same zﬁmgé is twlee that over
~ the range O %o # o0

o0 o
h(t) = % / R{w) cos at du - -3-;» / {w) ain ot de
s}

o
« hy(8) + hy(t) (8)
where he(=t) = he(t) and hg(et) = =hji(t)
since the integrals are respectively even and odd funotions of time.
Sinoe for all negative u‘;uos of time, a physiocal system can show no
response to an input impulse oceurring at ¢ = 0
h(-t) @ he(=t) + hy(-t) » hyp(t) ~ hy(s) = 0 . ()
Therefore |

hp(t) = hy(%)
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Fipure 3 Floyd's Approximation
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o0
and h(t) *%/ R{w) cos wk de ' (s)
o
00
or ns) = «-% / I(») sin ot do | (9)
o ,

Floyd uses Bguation (8) a8 the basis of his method. By superimposing
loei of constant R, where R(®) is the real part of H{w), on the plot
of K& (w) in sither polar or log modulus vs angle coordinates, a plot
of B(w) ve @ is obtained. From the plot, R(w) is approximated by a
number of trapetoids of the form shown in Figure 5(a) in the manner
shown by PFigure 3(b), each trapesoid being characterized by thres
paremeters:s rn, A n, end @y, The ho(%) corresponding to each of these
trapesoids is obbained by solving Bquation (8) to give

R |

Although only a relatively small number of trepesoids arse needed to

give excellent agreement between predicted end exset curves of h(t) inm
the examples presented by Floyd, the labor inwvolved is very lerge
since each term of the series for h(%) contains the product of sin a,t
and sin Ay,

Despite the merits of these methods for the spesific problems for
which they were dmlapﬁd, none seems to provide a method giving u‘
high degree of ssouracy without invelving much tedious computation.

1% is believed that the method to be presented herein does give highly
acoeptable scouracy and requires less computation then those desscribed

above.



THE PROPOSED METHOD

The problem, %o restate, is, being given the mﬂa’sma of the
veotor KG{w) as a funotion of frequency, in either snalytiocal or
graphioal form, for a limear servomschanism having a utufw&&ry
degree of stabllity, to prediet the system response 95(t) for an
arbitrary input 63(t). The steps of the proposed method are:

a. Derivwe a plot of I(w)® ve @ from the given KG{w).

b, Select a ¢mr‘r}fnqmy wy sush thwk I{w) may
be assumed squal to sero for @ > @y wy is the
frequency equal empiriocally to 1.3 times the
frequency, ®,3, at whieh I{w) = «.1 and is
decressing in absolute wvalue.

6. Assune that I{w) desreases linearly from ®,; where
I{w) » =,1 to serc at wy and express I{w) as a

Fourier sine series in the interval 0 < o < wy,

ob
I(w) = %%am‘ﬁ Q<<
e O W > By (le)

¥1(w) is the imaginary compoment of H(w).
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. () » 2 o ai L .
d. Teke h{t) = 2 uy #in 2’ n% n{=1) ﬁ.{;‘. (11)
whers 2 = myt, .
. Then O,(t) = / h{eex) O4(x) dx (12)
A |

In the cases investigated, retention of only four Yerms of the
series for h(t) gave excellent sgreement with exact ocurves. It should
be moted that Bguation (11) lends itself to rapid computation since,
inside the summation sign, time oscours only in the 2’® torm and even
thors is the same for all n. A form for use in this computation is
included in Appendix II.

Suppose KG{w) is given as & plot in the KG plane (Nyquist
diagram). Lot KG(w) = x + jy (13)

Kola, E

Then  E(w) me(») (mmy

. | (14)
But 1 x!ga‘y S Y R A . {18
(w) () (Toa)ey® (18)
The loous for I{w) equaling & constant, say I, is then
L J max‘m { z » .
(1o )%eg® or (m) o
Completing the square on y‘yiallda‘
@) (y - 3" = )" (16)

which is & cirele of radius 1/2% with its center at x = =1, y » 1/2I,
Consider the point (»1,0); this point satiefies Bquation (18) for all



XG PLANE

Jerived dota

I
"al

_.:;
-l
-t
-5
."-7
—08
-

Srequency
15 245
L6 2.1
L 1.88
A8 175
S5 1.63
N 1.55
G5 1JAD
JO 1.4
T 1405
02 143
.08 1.22
1.05

Firure 4

on

..

H

e Curve for

)=

—de26_
Jo(1+Jw)

I."cg

Loci of Constant I on the KG Plane 3Juperinmposed



"102

¢
halt R84

1{w)

- 15 =

d

[
/
f

1

Frecuency in radians per second

Figure 5

I{w) vo @ for iHaw)=

1136 _
Joo(1+ jo)



» 18 =

wlues of I and hence all oiroles of this family pass through (=1,0).
Several of these sircles are shown in Pigure 4 superimposed on 8 Ee¢{a)
ourve, The resulting I{w) vs @ plot ie given es Figure 6.

Suppose EG{w) is given as u plot in the k¢*! plane where

k6" (o) *W”a . 3y ..;%3}.

and x’*y“*;;é;;g . (17)

Substituting Equation {17) into Equatiom (15) ylelds

- _ 1

Ty 1
X(u“%v"*h*l)vw

@e1) s (vade)® e G, (18)

I»»

(Hx) '

This is again & sirele of radius 1/21 but with its center at x = =i,

y = =1/215 henoe loei for positive values of I in the K6 plane are

loei for equal negative values of I in the K6~

3 plane would be derived in a mamner

plane and vice versa.
A plot of I(e) vs o for the K¢
exnotly similar to that shown in Figures 4 and § for the K@ plane,
Finslly, suppose KG(w) is given as a plot of K@(w) in deoibels
ve the angle of K¢(a) (lmeeng plaue)¥, lLet r® = x® 4+ y®,
x=reong, and yorasing (19)
Bubstituting Equation (19) in Equstion (15) ylelds

'“1@5 modulus vs angle,
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U”Lé“ rang (20)
S4 o A

4y®  142r cosger®
In order to put Equation (20) into a form more suiteabls for computation,

let (ses Figure 8)
ol = 180° = tan"l %g

, 1/21 -
Then sina X .
[1«» LB Y2 [a ﬂ}w

cop ol % w ! »83
° [1@(1 }"}m [&I *Ilw

I&Br@wtg*}ir‘*rsmy
I(M)*S%#*?IM#Q

I(red) #in ¢ oos 9 21

[&r“‘a} i (a1)¥? céx“«»i)’*/ﬁ

= 8in ¢ 8in X 4 608 @ 008 °C = goB [‘:g.-«}l

Therefore ¢ = > gos"

(21)

then

Therefore 2«?- = 0 when r = 1 and the maximum value of /5 is given by



____>l

-18-

1 x
37 \
; \
e 1 >
Mgure 6 Definition of o<
16
I=-L2
8 [
- I=-.5
: NETA
<
5 0
s IFl.5 /\ /
/3\ A4
_%_ -8 \\ /[ \/
-16

-180

¢

}

180

Angle of KG(w) in degrees

Flgure 7 looi of Constant I in the Lm-Ang Plane



.19 =

& wwa”" I ﬂaasﬂ - umﬂ;w
RAX [ ,{!! 3331%,, [i*gz)n]l/a B

The minimum walue, 7 = 0, ocours when r + % “ {4+ %;)m whieh
ocoineides with tﬁ;o maximum value of r. The limiting values of ¢ are
therefors ¢ = $180° snd ¢ = 2180° « 2 tan™ -%»f, These relations show
that, as indicated in Figurs 7, the locus of I is symmetrieal about

the zero dbv line (where r * 1) and about #’iw lines ¢ = 2180° « ten~! %'f
{where r reaches its uﬁm); - I = 0 eorresponds to the lines ¢ » O
and ¢ = 2180°. 4n example of these locl and their applisation to a
partioular maé are given in Figures 8 and 9.

The hesrt of the method is the matter of choosing a proper walue
of eutoff frequemoy, wy. If no assumptions were involved, integration
over the full infinite range would yield exast m«ﬂ for all values
of time. As the range of integration is redused, assuming only that
I{w) = 0 for @ = w,, the remltfs. should remein exeellent for some renge
of ﬂr{y large values of @, since I{w) falls off rapidly with frequemey.
However, as @, is still fnrthw redused, it must resch a walue such that

oo

/ I(a) sin ot de

gy
is no longer negligibly smell compared Yo

L
I{w) sin ot de.
o

This effect sots a lower limit on «, independent of the details of the
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essumptions of the method used to approximate h(t).

The three assumptions proposed herein are that I{w) decreases
linearly between w,y and wp, I{wg) being sero, that four terms of the
Fourisr sine seriez for I{w) are adequate, and that the coefficients
of these four terms san be found with suffiecient acourasy by eighteen
point graphical integration. Ae og is inoreased above its lower
limiting value, a eutoff frequensy will be resohed which does not lie
in the range in whioh all thess assumptions may be considered walid.
As these ranges of validity are not necessarily osontinuous and as the
errors due to their invalidity are not nesessarily all in the same
direstion, rendom behavior may be expected. Farther considerstion of
these sources of error is given in the Discussion.

8inoe both the sbove integrals are funotions of time, & general
mmerioal ratio of their eontributions to h{t) cannot be found even
when the exmet form of I{w) ia kuown analytieally. Since the shape
of I{w) is also widsly variable betwsen systems, it is impossible sven
to compare the ares cubtoff above @, with that retained in ths genseral
ecase., However, at certain times, vorresponding to 2 - a¥, the geries
for h(t) reduces to a single term, (wl)unn -g;’i., and it is possidble %o
see how agreement at thess singuler points improves with inereasing
o | Figure 10 shows how the veluss at 2 = v and 2v approsch the
exast ourve of h(t) for Bxample 1 as w, is inoreased, thus indicating
the existance of the lower limit mm;lémd above,

In erder to determine what value of wy gave the "best” agreemsnt

with the exect reaponse, an RME error wes used which was computed by
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Figure 11 Satisfactory Ranges as Functions of

Possibly Significant Quantities
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sbsolute value, and I » .1 and deoreasing in absolute value. The
results of this snalysis sre shown im Figure 1llj from these comparisons,
the lower limiting values of &, show the best correlation on the basis
of I » »,1 and desreasing in sabsolute value, On this basis, wy is
mﬁiﬂe&uy seleated as equal to 1.5 times w,3. In setual use, wy would
be seleoted as soms convemient fgure such that the ratis wy/e, ; would
be approximately 1.3.

There are, of course, wvarious methods of determining Fourier e¢oef-
fieients graphiecallys a method giving suffiocliently accurate results for
the present purpose uses graphical integration of I(w) sin n-;-;m based

on an sightesn interwal division.

M'g[ (o) ein ngow de
L B . o ay
~ & % 1 {zkma}gg sin n(2k-1)86° x Ty
3 18
e§ = 1 (%-1)3 sinn(2k-1)8® (22)
| 36
k=l
This ohoice of inmterval was made because of the convenienmt forms re-
eulting for n = 1, 2, 5, and 4, Let I (mx);:% I, k=1, 2,3,
(AR ] i&! M
L} ‘é[{:&“;:{s} sin ﬁe * 62'.,*3:17) "m 1&9 * saee

+ (Ig + I37) sin 76° + (Ig + Ijp) sin 86° | (33)
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[(2e#3g) = (X13*139)] atn 30° +
W(1a21y) = (T1p¢23g)1 ain 600 +

; ((I@*Ie) - (13&*13‘5}] sin 70° » [:5—114] ein 9@"1 (34)

8 '% [(:xyxaux.,axmq—xwﬂw} sin 16°
+ (Tgp1g=TgTyg#TygeTng) sin 759 (6)

a =3 (Txelgelyg-Tyg) sim 20° o (Ig-TgeIyy=zy) sin 60°
s (Ig=Iy+Iyp=Iyg) sin 80° & (Ig~1geIyg=Iys) sin m°]
(s6)

Only the first four terms of the series have been used in the
surrent work both because the series convergence appesrs reasonably
rapid and more partioularly because the h,(t) terms corresponding to
n= §, if the respective Fourier soefficients are not too large, make
& negligible eontribution %o h{t) for 7 < 2w (see Figure 13). 4An
‘example of this somputation is given in Appemdix II.

Given I(w) = 51 fn 8in kg';h 0w Zwy
=0 ® > @y

end substituting in Equation (9), one obtains



hl(Z)ols

.30 |-

hg(Y) .15

«30

hz(2) 15|

.30 |—

h4(2) .15: :

.29 -

12 18

24
% in multiples of n/6 =

_Figure 13 hn(Z’) vs T for moan-fl




b
hit) = ~%/I{w) sin ot do =
]
(g;ncfm m}ninwkdm
nhl

v ‘&Z %sin%@ainwém

- . L 1 ol ‘ an{ws(agg “t)a - ‘993(% &t)m] g

LU
" (s7)
gince sin a sin b = "3' [wn {asb) « oos {%b)]
i -
M) m e 2 g |inieEe | sintalgle ]
B*l l_ n %“ L n 'ag L3 o
-0 ny Wminwmt) R aiu(nwi*m%)] (s8)
T nel B[ hueagk nfita, b ' Al

Bow, letbing 7° » wm,b and moting that

P
n(s) = « 2 = ma%[ sin 7'  sin ,?:] |
w nel :

nt~ 3 | nwt ¥

o~ 2
- mZ’a% ( 1)’% Cor v

*

c2again? S (1) n ey~ (59)
‘ n=} L

w®e o B

The first five terms of this series are plotved individually in
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(v) @o(t) and @i(t) vs t for Example 1

Figure 14 Convolution Integral Approximation
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Figure 13 with w,en = =1. It should be noted that, for all n,

Lin waawﬁwtwuﬁ 2n gos & 2n cos nw

2 onw PWTR o g BT ~2ox
- ,;
- - .m..w.ws . (-1)%* x 518 (40)
The convolution integral, Bquation (12)
4
8,(t) = h{t=z) 93(x) dx (12)
o

may be lnterpreted as follows: at esach instant of time x < %,

83(x) dx represents an input impulse. The responss due to this
impulse contributes at a time t, a component h{t-x) _mwmu& dx, The
total response at time % is then the sum or integral over the range
0 %0 % of these individual ocomponsnts. Methods of approximating this
integral are given by m@b%m» and Tustin'®, The latker has been used

in Appendix III %o derive the yesults given in Figure 14.
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and h(t) for the four examples are given below.

Example 1
KG - —Mﬂ’
(o) ju(lein)
1.86 1.0868
B_ B B simavaimoniiiionawie 1 zs
(a) s%+g+1.36 cn#.s}'*(x.aaa)“
n(t) = 1.29 o~*%% 41n 1,082
Example 2
o(a) = 2L18(L 160
~®(1+jn)
K(Q) tli&{l‘l‘ﬁ') - -, 0916

s%es *.vaae¢.xxs 84,22

s+,.59-5.62 8+.59+ .82

h(t) = =.0916¢ =228 L 11707 %% sin(.62% + 4.45%)

(41)

(42)

(43)

(44)

(48)

(46)
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Bxample 3
wol ‘* gﬂsgm‘%)
Ko(®) = STe1.1250)(1+3a)
H(s) = 164.8(1+.88) _ -.227

524082490, 48+164.8 842,18

¢+ 5:17<-88,76 , 6,17 <+88.75
‘ ‘*3»‘1‘&?:33 Iﬁs.ilﬁjfmﬂﬂ

n(s) = -.227072+18%

Example 4
: 51 de)®
KG{w) » ——ialtde)
KH8) = Tar (10306
E{tj PR ggl“ﬂ%‘
00288+ 16 548545824 108+B

s+.T26 g+2.8 8#28.13 8+44.17+34.18 -

. 10,38 Cvas.2
| 44,174 34,18
h(y) = .@W””” - a.s&n‘z‘“ * a.au“‘”‘lw
v 22,760 4 17T% gin(e.188 + 6.89)

+ 10,3405 4% gyn(7.98¢ + 1.28°)

(47)

(48)

(49)

(80)

(1)

(s2)
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DISCUSSION

The differences between m‘Fmﬂ;w ooefTicients, ay, obtained by
elghteen point graphioal integration and those giving exaet agreenents
with b(t) at the 2 ® an points vary as @, is chenged. As ap starts
from low ialma, poor agreement results sines an appresisble part of
I{w) is being mgiawﬁ {sse Figure 16). As Wy meruﬂn, the differ-
snces decrease and n:lgh:& be expested to remsin small. However, since
s rm& rumber of points are used in the graphical integration, the
spacing between points increases with s and the detail of the I{w)
ocurve may be lost. This loss of deteil may affeet the walues obtsined
for the aps in & quite random menner. To consider un extreme example
{Figure 22), suppose I{e) consists of a :mh‘ narrow trisngulsr
pulse. As w, iucreases, an integration point may fall on the peak of
the pulse, pert way up either side, or at very large wp, may miss the
pulse entirely, resulting in a wide range of coefficient wvalues for
relatively small changes in ay.

Any physioal servomechanism will give rise to a curve of I{w) vs o

which desreases rapidly with inereasing frwqumay beyond w,3. I{w) =

and K3(w) is deereasing st & rate equal to or greater than twelve
decibels per ootave. Further, the angle of KG(w) is near 180° sud
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-] —
I(m) °05 =
Y -
o . 1 1.4 2 3 4
Frequency in radians per second
©, Integration Points
3'60 0_1. 03’ .5’ 07. .9, 1.1, 1'3’ 105
4,50 : .125, .375, .625, .876, 1.125, 1,375, 1.500
5.40 .15, .46, .75, 1,06, 1.35, 1.65
7.20 2, +6, 1.0, 1.4, 1.8
7.92 22, .66, 1.10, 1.54 ,

9.00 25, .75, 1.25, 1.75

-.z[——

2 4 6 8 10

o in radians per second

Figure 22 Loss of Detail with Inoreasihg o
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henge stability requires that KG(w) be smmll. Under these conditions
1 ¢ K6(w) is approximately 1 and therefore H(ws) is approximately equal
to KG{w). But I{@) is only one compoment of H{w) and must therefore
also be desremsing at & rate of at least twelwe decidbelz per octave.
For values of I loss han o4, the losi redius 1/21 becomes very
large and henoe these losi are not eaiily drswnj for this reason and
bwmm’ the sontribution of I{w) betwesn w,; snd wy would in sny osse
be small, the Faarux? soefficlents were computed under the assumption
that I{w) e linearly decressing between o, and w,. This ssaumption
was valid, as shown by the 2° = nw point agreements in the cmses in-
vestigated exoept in Example 3 when wy was taken equal to 40 radians
pc;? second (Figure 23), Bince w,; was only 18.2 radians per second,
many of the integration points m:; in the range where the behavior of
I{w) was assumed rather than known and led %o s 'ﬁ}m for ag of =421
wkar&&t =440 was the mlﬂp; necessary to give agreement at 2 - 2w,
Bince gy 3&,,;,;&11 the points on the assumed tail soted to deorease
g me:r, even in this axtrm example, the RUE error was ac+
ceptable uﬁd the values ’ef the other eoefficients were not appreciably
4 arroeﬁra. The same diffioulties ux&gﬁ in determining the behavier of
I{w) ba‘lmt' the freguency where I{w) » =.1 and ‘is 1&@?5@:&#@ However,
this is & small, known frequency imgu and will make a very emall
contribution to the cosfficient walues.
If the terms retsined in the series for I(e) do not ineclude all
those of appreciable size, the existonce of those mw.dapwn in

the predicted ourve as an almost sinuseidal effeet with nodes et
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Since only a few terms of the Fourier series for I(w) are to be
retained, 1t would appear that a method of determining cocefficlents
such as the Flascher~Himnen procedure might be appliceble sinve they
involve mush less wpven,&rn&.anaﬁ#pa’w integration. However, such
meothods require the assumption that all coefficlents of higher order
are zercj simee this assumption is not generally justified, these
methods would lead bto erroneocus values of sy, ag, ay and ag giving
invalid h(%) curves. Henoes a method must be used which does not
assume that the neglested soefficients are sero.

In the earlier stages of this investligation, beliel that a good
approximetion to I{w) by four terms of the Fourler series would be
desirable and thet great acoursey in the coefficient determination
would be unnecessary led the author to development of an eleotronis
harmonies aaubaﬂaaw which produced in~phase sine waves of four, eight,
twolve, and sixteen kiloeysles whose magnitudes and signs were indi-
vidually controllable. ZThe output of this device was fed to a cathode
ray oscilloscope over whose soreen was fastensd & plot of I(@) vs @ on
transparent paper. The cutoff frequency, wy, was adjusted by varying
the horizontal gain of the oscilloscope and the component magnitudes
varied to give a good visual fit between the true ourve and the sum
of the four eomponents. Satisfaotory data could not be obtained due
%o the low acecuracy with whioch the msgnitudes sculd be read and for

the reason stated in the preceding paregraph.
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h{t)

5(t) E(t) ‘ Controller
E(t)= § (£)=h(t)

() Unit Impulse Input, @i(t)-g(t)

8, (¢) E(t)
* Controller
E(t )=8, (% )-8 (%)

0_(t)

(b) Arbitrary Time Function Input, @i(t)-f(t) _

- 6, (u) £ (w) KG(m)f’__é_‘”_;
(w)=®1(<o)-90(m)

6_(w)

-

(c¢) Sinusoidal Input, Gi(m)=1¥j0

@o (@) KG(w)

Bo) = 8, (@) ~ T#KG(a) -

(o) d®®) o R(w)+jI(w)

)

(a) Sinusoidal Input, ei(w)-hjo

Figure 26 Symbolism
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Yo special merit is oleimed for the following forms which are simi-

lar to those actually used in this investigation.

Howaver, it should

be noted that & high dsgree of symmetry exists in the forms for a; and

6, and that the forms for ay and a4 can be filled out in a oyelic

manner, The use of & colored pemoil for negative quantities was found

$o improve speed and soouracy.

The data for hy(t), n = 1, 2, & snd 4, oan be abstracted and put

in any other form more sultable for a partioular inveatigation.

date for n » 5 iz included below.

Table 1

hg(2) for 7= nw/B; w, ag = ~1

hg( 2

a  hg(?) B s hg(2)
2 086 12 000 22 -, 076
3 L4l i3 LO256 2% w40
4 <088 14 048 24 000
& D21 16 ~0b54 256 86
8 000 18 L49 26 «141
7 *:le 17 S50 27 «313
9 =044 19 -, 084 29 +308

- ‘o@“

S8imilar
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Computation of Fourier Coefficients, Sheet 1

Example / w=Jé&
(Zn-l)wo/36 =I(®)x1000
n=1 1+18
./ g 70 ,087 é
2 2+17
.3 220 250 .259 é5
3 3+16 _
] 40 #4855 .422 /22
4 4+15 _
.7 oo 865 574 495
5 5+14
.g /125 /R OD .707 G52
6 6+13 _
/. / //80 /280 820 | /O¥F
7 T+12
/.3 /00O /) HO 906 | /ORY
8 8+11
L5 640 340 .964 8/0
9 9+1
L7 #30 | Y20 996 | 7/8
v g 270 o | 52/¢
1 A/ OO a" ",577
12 , 1+9 10+18 174
23 /O <90 JFoo /90 33
13 2+8 11+17 «500
25 /00 860 23d &30 375
12 5T 12+16 766
| 27 80 /A /O /5| rz225 P40
15- | 4+6 Ti5+16 939
2.9 45] /T80 /6 /275 J7o/
16 5 14 — [1.000 3
3./ Y5 S/SRE So SO S oS
I7
. 3.3 30 9 $03%
18
3.5 /o o el




Computation of Fourier
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Coefficients, Sheet 2

Example / w = 3.6
1 2 3
@O Z2d L0
5 |4
/S B0 [/ RS 800
13 14 15
/OO 80 65
18 17 16
VaZ 3o 4S5
/350 /NS S | 320 | Add
7 8 9
/000 & ¥o A 30
350 815 890 Subtract
12 11 o
/%o 200 290 A
2/0 6/5 550 Subtract
259 707 .964
SY “35 3783 | Jo&7 |-9= — /9
1 2 3 4
&0 220 Ao (7%
10 11 12 113
Z70 Zoo /Yo /00
350 20 S50 Foo | Add
9 8 7 6 '
430 e/ JOOO /780
-0 -220 — 4/50 — 280 Subtract
18 o 17 30 16 L5 15 o5
- 70 30 — 475 —F¥5 Subtract
.342 .866 .984 .642
-3/ ~o2/4 —&56 | —222 — Z55 |- 9= A 08




Computation of h(t), Sheet 1

Exemple / o= G aym =977 age ~#45 ag= - /7 a,” *, /06
nw Multiply by
t - - - Partial sums
-m moal woaa woaa (l)oa4 . h(t)
. /6/511 +2078 | =167/ # 438 | +.38/5 -
0
000 .OC’O
1 o104 e ol 2025
/T .%/5 - 082 o/5 /0 L/ 082 L ATS
jal D 0 e /9 Nel /)
49 K0 — s | L oas Y Y52 Y5 307
:3 ) .9’:) .1\. i3 .069 .g;l .
LAY I5F| = /7% ,.230 a4 , 608 /7 . FY
‘!;" . 5 :.’ L) 099 'Y 062 * C‘yi‘:}
38 65.2 -, /59 L ORT LOI 7 .69 L /59 , 337
i.) . ;’)\J ‘J\:; .OS? .32
’ I 885 —/o5 0/& ,0/0 .77/ /05 . 60¢C
I W10
K7 .66 0 L 660
7 ‘2? 077 "‘.O iO ~.O?-S
/.02 , 380 J2Y | —o/7l =01/ oY .d28 . 678 ]
3 A% - 150 -7 ~T50
YA LT 25X —032] - o9 .72/ 05/ 670
o .“Ul —. - 000 -.059
/. 3/ , 334 JFE2 -.039| -023 /6 .62 BS54
10 $O00 -0 - D05 ~ 053
L4 204 M| -035| - o0z0 L 865 o586  .6/3
11 NS — Ll =000 ~052
/.60 088 Jo?| —023| -0/ S77 I35 JI&2
12 18 :
175 J7/2 V372
:‘;1 032? 7;2 DO?.!- o\a/C
189 -.05%6 Ao 030 O/ I/ 056 A58
14 -0 Ny 14 087
204 | —.083 .Jia 0éY | 026 4E3 083 . %00
1% - 50 100 201 003
/8| .08/ 299 095 032 AT 08/ .33¢
16 - 000 ~elll) o270 70
233 -.0¢0 /82 /9 . 030 J3/ OB0 27/
17 Zok - 050 o512 L0051
%8| -o029 081 /3% /7 234 029 205
118 18
262 /36 /736




- 82 -

Computation of h(t), Sheet 2

Example / w = J& a =357 age 945 ag=3//7 8= 7196

nwn Multipl
t'a‘;o" -moa,_ moaa P y-gz,aa woa4 Partial sums
2450 | ez078 | —1b1 | £ 428 | 3815 + - h(t)

277 023 -055 127 -026| /50 a8/ | .25
20 L017 0L $ 250 -1t '

2.9/ 235 —o79| oz -o058| /¥2 | /34 | . IO

304 037 =org| org| —o52| /6 | ,/E/ |- I¥5
20 L0l 037 | L11 -.275

3,20 029 | —.0s0| .05/ —j05| 080 /85 |- 085
25 ‘C‘C’ 0019 'O;; “‘.:)10

335| o/5| =031 023| =~,y8| 038 | /¥7 |=./11
21-? "'.518

3.50 - — /2/ — 12/

364 —or2l  oo4| Zosl Syl 024 | /Y |-s20
26 -.C10 -, 02 - O} - 255

379\ -—ozs 039 | —.023| -097| J37 3= 104
27 -.011 =025 - 055 -a101

39| —ae3| oso| —o023| o785 o%0 | /27 |-.98/
28 - 000 =020 - 0L - 100

498 —o17| 032 -.0/8| —o%8| 932 | . IE3 | —J5/
20 =005 -.0L0 -e001 - 005

Y23 — o0l ore| -0/3| —o0z2z| .9/8 | o%5 |—-.029
30

A4 37 " 000
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The terms of the resulbing byxh(t) series are then added vertioally
to give the totals at the bat#m bf Table 1, These totals represent
85(t) for the values of % under which they lie. The result of this
somputation is plovted as Figure 14(b).

The time interwal betwssn terms of the h{t) series ocan be as large
as will giu an sdequats representation but should be equal %o or an
integral submultiple of the time intervals hetween impulses, Thesse
latter intervals can be chosen quite large since the form of an impulse
is Lmmaterial if it has been completed before the system has responded

apprecisbly.
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